A detailed study of the lowest states 1s 0 , 2p −1 , 2p 0 of the hydrogen atom placed in a magnetic field B ∈ (0 − 4.414 × 10 13 G) and their electromagnetic transitions (1s 0 ↔ 2p −1 and 1s 0 ↔ 2p 0 ) is carried out in the Born Oppenheimer approximation. The variational method is used with a physically motivated recipe to design simple trial functions applicable to the whole domain of magnetic fields. We show that the proposed functions yield very accurate results for the ionization 
I. INTRODUCTION
Contemporary X-ray space observatories, like Chandra, XMM-Newton and their predecessors, have collected a considerable amount of observational data of the thermal emission coming from surface layers of neutron stars which are characterized by enormous magnetic fields B ∼ 10 12 − 10 13 G (see [1] , [2] ). In particular, the observation of absorption features in the X-ray spectrum of some isolated neutron stars (see e.g. [3, 4] ) has suggested possible models of atmospheres which allow the presence of Coulomb systems [5, 6, 7, 8] . The hydrogen atom is the simplest and most studied Coulombic system in weak and strong magnetic fields (see for example the early review [9] and references therein, and [10, 11, 12] for more recent studies).
In the present study our goal is to apply a physics recipe (described in full generality in [13] ) for choosing variational trial functions to the study the hydrogen atom in a magnetic field and its electromagnetic transitions between the lowest bound states 1s 0 , 2p −1 and 2p 0 .
The study is intended as a test of the methodology developed in [13] . Electromagnetic transitions in the hydrogen atom in the absence of a magnetic field is a widely described subject (see e.g. [14] ). In a strong magnetic field such electromagnetic transitions have been studied by a number of authors, specially focusing on the effects of the transverse motion across the magnetic field direction (see e.g. [15, 16, 17, 18] ).
Our consideration is non-relativistic, based on a variational solution of the Schroedinger equation. Thus, the magnetic field strength is restricted by the Schwinger limit B = 4.414 × 10 13 G. Our study is also based on the Born-Oppenheimer approximation of zero order: the proton is assumed to be infinitely massive. Thus we neglect the effects of the CM motion i.e. the effects of the transverse motion of the atom with respect to the magnetic field orientation.
The study is realized in two steps: (i) a variational calculation of the states 1s 0 , 2p −1 and 2p 0 is done with suitable trial functions (selected according to the physics recipe), and
(ii) with the variationally obtained approximate wavefunctions we calculate the allowed radiative transitions among these states in the electric dipole approximation (see below).
Atomic units are used throughout ( =m e =e=1), albeit energies are expressed in Rydberg (Ry). The magnetic field B is given in a.u. with B 0 = 2.35 × 10 9 G, although frequently we will also use magnetic fields strengths given in Gauss for convenience.
A. Hamiltonian
The Hamiltonian which describes the Coulomb system formed by an infinitely massive proton and one electron (pe) placed in a homogeneous constant magnetic field directed along the z-axis, B = (0, 0, B) is given bŷ
wherep = −i∇ is the electron momentum, r is the distance between the electron and the proton fixed at the origin, and A is a vector potential corresponding to the magnetic field B. A contribution to the energy coming from the coupling between the electron intrinsic magnetic moment and the magnetic field ∼Ŝ · B, being constant, has been dropped from (1) . Now, if we choose the vector potential in the symmetric gauge
the Hamiltonian acquires the form
where ∆ is the Laplacian operator, andl z is the conserved z-component of the electron angular momentum. The Hamiltonian (2) is also invariant with respect to the z-parity π z (i.e. reflections z → −z). Thus the eigenstates can be classified by (m, π z ): the magnetic quantum number m, corresponding to the conservation ofl z , and the z-parity quantum number π z = ±1.
B. Choice of trial functions
The procedure which we use to explore the problem, is the variational method with a well defined recipe for choosing trial functions. This recipe is based on physical arguments, described in full generality in [13] . The basic ingredients are (i) for a given trial function ψ trial , the potential V trial = ∆ψ trial /ψ trial , for which such function is an exact eigenfunction, should reproduce as many as possible the basic properties of the original potential, e.g. in the present case it should reproduce the Coulomb singularities and the harmonic oscillator behavior at small and large r distances respectively, and (ii) the trial function ψ trial should include the symmetries of the problem. For example, if the ground state is studied, the trial function ψ trial has to be a nodeless function. Adhering to this recipe, in [19] it was proposed the following function for the hydrogen ground state 1s 0 
where the functions ψ 0 have the same functional form as (3) but with their own γ-parameters. Thus, in the functions (4a), (4b) we keep the same polynomial prefactor as in the corresponding field-free wavefunctions and multiply them by a nodeless function.
It is easy to check that the functions (3), (4a) and (4b) are orthogonal. These functions describe the lowest energy states, 1s 0 , 2p −1 , 2p 0 , among the states with quantum numbers (m, π z ) = (0, +), (−1, +), (0, −) respectively, in all the range of magnetic fields studied.
II. ELECTROMAGNETIC TRANSITIONS
In a magnetic field the m-degeneracy of the hydrogen energy levels is fully removed and electromagnetic transitions depend explicitly on the magnetic quantum numbers of the initial and final states in the transition. A consideration of electromagnetic transitions in 1 i.e. the nodal surfaces defined by the condition ψ trial (r, θ, φ) = 0.
the electric dipole approximation is valid even in the case of high magnetic fields as long as transitions occur among states with the same Landau quantum number (in this case the characteristic wave lengths are always much larger than the (longitudinal or transverse)
size of the system (see [10] )). All the states considered in the present study belong to the same ground Landau-level and thus the electric dipole approximation is justified. Relevant formulas for the electromagnetic transitions in the hydrogen atom in a magnetic field were given in [20] . In the electric dipole approximation we are interested in the square of the matrix element (called dipole strength)
where τ ′ , τ label the final and initial states in the transition, and r (q) are the spherical components (q = 0, ±1) of the electric dipole operator. The oscillator strength of the transition is given by
where (E
is the (binding) energy difference of the initial and final states. The transition probability is calculated according to the relation
where
We have two selection rules implicit in the matrix element p
(eq. (5)) viz., parity change and
which implies q = ∆m. Thus, the transitions with ∆m = 0 are characterized by a linearly polarized radiation along the magnetic field direction with q = 0, while the transitions with ∆m = 1 are characterized by circularly polarized radiation with q = +1 (for right polarization), or q = −1 (for left polarization).
III. RESULTS

A. Binding Energies
The results of the variational calculations of the total (E T ) and binding 2 (E b ) energies for the lowest 1s 0 , 2p −1 and 2p 0 states of the hydrogen atom in a magnetic field ranging 0.235 × 10 9 G ≤ B ≤ 4.414 × 10 13 G are presented in Tables (I) , (II) and (III) respectively 3 .
Results for binding energies of these lowest states are also summarized in Fig Table (III)) .
For all states studied the results of the binding energies given by the simple trial functions (3), (4a), (4b) are, in general, in very good agreement with the approaches of Ruder et al. [10] and Kravchenko et al. [11] . For small to moderately high magnetic fields (B 1 a.u.) the relative differences between our binding energies and those of [10, 11] are found to be 10 −4 . It is worth to emphasize the remarkable coincidence in 9 digits for the ground state binding energy given by (3) and the today's most accurate results of [11] in the domain of magnetic fields B 0.1 a.u. The agreement of the binding energies with the corresponding perturbative results E
obtained with a logarithmic perturbation theory (see [13, 22, 23] and references therein), is also very good.
However, the results for the binding energies of the three states studied obtained with the variational functions (3), (4a) and (4b) show that the accuracy gradually decreases as 2 The binding energy is defined as the energy difference between the energy of a free electron in the magnetic field B and the total energy E T , i.e. E b = B(1 + |m| + m) − E T (for states in the ground Landau-level). 3 The case of the ground state 1s 0 was analyzed in [19] with the trial function (3). However, in order to have precise numerical information of the variational parameters appearing in the trial function, we repeated the calculations done in [19] for all the magnetic fields quoted there.
the magnetic field increases and the relative differences for such binding energies (when compared with the corresponding results of references [10] and [11] ) reach values ∼ 10 −2 for B 1000 a.u. (see Tables (I) In practice, a full variational calculation is easily done in a standard desktop computer, it takes few minutes of CPU time.
B. Transitions
With the approximate wavefunctions (3), (4a) and (4b) found in the variational procedure is strongly suppressed in comparison to the corresponding transition probability for the (linearly polarized) transition 1s 0 ↔ 2p 0 (see Fig. (4) ). This phenomenon is a consequence of the strong deformation of the electronic distribution due to the enourmous Lorentz force (Fig. (4) ).
Our results for d (+1) , f (+1) , w (+1) corresponding to the 1s 0 ↔ 2p −1 transition are in good agreement with the results in [10] in the whole domain of magnetic fields. The relative differences between our results for the dipole and oscillator strengths and the corresponding results in [10] are ∼ 10 −5 for magnetic fields B ∼ 0.1 a.u. increasing rather monotonously when the magnetic field grows being ∼ 10 −3 at B ∼ 1000 a.u. Our result for the transition probability are also in good agreement with the results in [10] , the relative differences being is observed at B = 1000 a.u. (see Table (II) ).
Major differences occur in the case of the 1s 0 ↔ 2p 0 transition. For instance, the relative differences between present results for the oscillator strengths and the corresponding results Figures (2), (3) and (4) show the results of the calculations for the dipole strengths, oscillator strengths and transition probabilities (formulas (5), (6) and (7) respectively) for the transitions 1s 0 ↔ 2p −1 , and 1s 0 ↔ 2p 0 in the domain of magnetic fields B ∼ 0.1 − 10000 a.u. Tables (IV) and (V) also show the results of those quantities for magnetic fields B = 0 − 10000 a.u.
IV. CONCLUSIONS
Along the present study we have used a variational approach with a physics recipe for choosing simple trial functions, as a test for an alternative method to study electromagnetic transitions in the hydrogen atom placed in a constant magnetic field. We assume that the Ruder et al. [10] and Kravchenko et al. [11] . The values of the energies have been rounded to the first two non-coinciding digits respect to the values of [11] . Kravchenko et al. [11] . The values of the energies have been rounded to the first two non-coinciding digits respect to the values of [11] . Kravchenko et al. [11] . The values of the energies have been rounded to the first two non-coinciding digits respect to the values of [11] .
